The Wiener Index of Unicyclic Graphs with Girth 
and the Matching Number* 

o 

_ ! Ya-Hong Chen 

rj^ Teacher Education College, Lishui University 

■ Lishui, Zheiiang 323000, PR China 

<N ■ 

Xiao-Dong ZhangT, 

o 

u 

1 800 Dongchuan road, Shanghai, 200240, P.R. China 



Abstract 



In this paper, we investigate how the Wiener index of unicyclic graphs 



> 

varies with graph operations. These results are used to present a sharp 
■ lower bound for the Wiener index of unicyclic graphs of order n with 

girth and the matching number /3 > Moreover, we characterize all 
extremal graphs which attain the lower bound. 
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1 Introduction 

The Wiener index [19] of a simple connected graph is the sum of distances between 
all pairs of vertices, which has been much studied in both mathematical (see [2, 6, 
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7, 8, 9, 10]) and chemical (see [11, 12, 13, 14, 15, 16, 17, 18]) literatures. Gutman 
et al. in [12] gave some results for the Wiener indices of a unicyclic graph, which 
is a connected graph with a unique cycle. Recently, Yan and Yeh [20] investigated 
the relations between the matching number and the Wiener index. Du and Zhou in 
[3] determined the minimum Wiener index in the set of unicyclic graphs of order n 
with girth and the number of pendent vertices. Moreover, Du and Zhou in [5] gave 
the sharp lower bounds for the Wiener index of unicyclic graphs with the matching 
number. On the Wiener index and related problems of trees and unicyclic graphs 
may be referred to [4, 21, 22]. 

Through this paper, all graphs are finite, simple and undirected. Let G = (V, E) 
be a simple connected graph with vertex set V(G) — {vi, • • • , v n } and edge set E{G). 
The girth of a graph G with a cycle is the length of its shortest cycle. A matching 
in a graph G is a set of edges with no shared end vertices. The matching number of 
a graph G is the maximum size of all matching of graphs, and denoted by /3(G) or 
j3. The distance between vertices Vi and Vj is the minimum number of edges between 
Vi and Vj and denoted by do(vi,Vj) (or for short d(vi,Vj)). The Wiener index of a 
connected graph G is defined as 

W(G)= J2 d(v t , Vj ). (1) 

K,^}CV(G) 

Moreover, the distance of a vertex v, denoted by da(v), is the sum of of distances 
between v and all other vertices of G. Then 

W(G) = \ £ d G (u). (2) 

Z u&V{G) 

In this paper, motivated by the above results, we investigate, in Section 2, how the 
Wiener index of unicyclic graphs with girth and the matching number varies with 
some graph operations. In Section 3, we obtain a sharp lower bound for the Wiener 
index in the set consisting of all unicyclic graphs of order n with girth g and the 
matching number (3 > y. Moreover, the all extremal graphs which attain the lower 
bound have been characterized. 

2 Wiener index with switching operations 

Let G = (V(G), E(G) be a unicyclic graph of order n with girth g. Suppose that the 
only cycle is C g = Uiu 2 • • • u g . Then G — E(C g ), which is obtained from G by deleted 
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all edges of C g , has g connected components, each of which is tree Tj of order rij for 
i = 1, The connected component Tj is called a branch of G at U{. Clearly, 

n\ + n 2 + • • • + n g = n. Moreover, any unicyclic graph of order n with girth g can 
be denoted by U(Ti, ■ ■ ■ , T g ). Let U(n, g ,p) be the set of all unicyclic graphs of order n 
with girth g and the matching number j3. It is easy to get the following result. 

Lemma 2.1 Let G = U(Ti, • ■ ■ , T g ) be a unicyclic graph of order n with girth g. 
Then 

W(G) =( n - 9 -)l£\ + (g-l)j:dT i (ui) + t W (Ti)+ (3) 

i=i i=i 

9 

E E - 1 )dr j ( u j) + ( n i - i^K) + (rij - l)(rij - l)d Cfl (ui,Uj)]. 

i=l j'=i+l 

2 

Proof. By the definition of the Wiener and W(C fl ) = fLifJ; we have 
W(G) = E E d Ti (u,v) + j: e E do(«,«) 

i=l {u,u}CV(Ti) i=l j"=i+l uey(Ti),t;6y(T,-) 

= E W ( T i) + E E E u i) + u,-) + d Tj ( Uj , v)} 

i=l i^j^+lueVlT^veVlTj) 
9 9-1 9 

= E W( T i) + E E l n j d T t ( u i) + niUjdcg (ui, Uj) + Uid Tj (%)] (4) 

1=1 i=l j=i+l 

= (n- 9 -)[^\ + (g-l)±d Ti (u t )+fw(T t ) + 
z 4 i=i i=i 

9-1 9 

E E t( n i - ^Tjiuj) + (rij - l)d Tl (ui) + (rii - l)(nj - l)d Cg (u u Uj)]. 

i=l j=i+l 

Hence (3) holds. ■ 

Corollary 2.2 Let G = U(T u ---,T g ) and G x = U(T U T 2 , ■ ■ ■ , T g ) be two unicyclic 
graphs of order n with girth g. If |V(Ti) = \V(£[)\ = rai,W(7i) > W{T\) and 
^Ti(wi) > df (ui), then 

W(G) > W{G X ) (5) 
with equality if and only ifW(Ti) = W(Ti) and dx^Ui) = d^(ui). 
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Proof. By (3) in Lemma 2.1, we have 

W(G) - W(Gi) = W(T 1 )-W(f 1 ) + (g-l)(d Tl (u 1 )-d ¥i (u 1 )) + 

9 

J2( n j ~ l)(d Tl ( Ul ) - d fi (ui)) > 0, 

since W(Ti) > W(Ti) and d^iui) > dpr(wi). Hence the assertion holds. ■ 

For given two nonnegative integers a, 6, let T* b be a rooted tree of order 2a + b+ 1 
obtained from the root star Ki^+b at root U\ by adding a pendent edges to a pendent 
vertices of Ki a+b . In particular, T * is an isolated vertex. Then the matching number 
of T* b is a + 1 for b > 1 and a for & = 0. 

Lemma 2.3 Let G = U(Ti, • • • , T s ) &e a unicyclic graph of order n with girth g and 
the matching number /?. Denote by /?i the matching number of T\ of order ri\. If 
/?i = or G has a maximum matching M containing an edge U\x, x G V(T\), let G\ 
be the unicyclic graph from G by replacing 7\ with T * for /3± — and replacing Ti 
with T^ i _ ljni _ 2/3i+1 . Then the matching number of Gi is f3 and 

W{G) > W(Gi) (6) 

with equality if and only ifT x = T* or T^_ ljni _ 2/3i+1 . 

Proof. If/?! = 0, the assertion obviously holds. Assume that /?i > 1. Moreover, since 
G has a maximum matching M containing an edge u±x, x e V(Ti), it is easy to see 
that the matching number of G\ is /?. Since the matching number of Ti is /?i, there 
exist at most n\ — /?i vertices adjacent to ui in Ti (otherwise the matching number of 
Ti is less than /?i). Hence d Tl (iti) > (ni - /?i) + 2(m - (ni - /?i + 1)) = ni + pi - 2. 
Further by Corollary 5.7 in [21], we have W{T X ) > W(T^_ ltni _ 2Pl+1 ) with equality if 
and only if Ti is T / ^ i _ ljni _ 2/9i+1 . Hence by Corollary 2.2, the assertion holds. ■ 

Lemma 2.4 Let T be a tree of order n > 3 andu e V(T). Suppose that the matching 
number of T — u is and T — u has p connected components Ti, • • • , T p of order 
ni, • • • , ?V respectively. Then 

W(T) > W(r Pi ^_ x ) = n 2 + (/? - 2)n + (-3/? + 1) (7) 

with equality if and only if T is T^ n _ 2/9 _ 1 . 
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Proof. If f3 — 0, then T must be the star graph K^ n _\, which is exact T * n _ 1 . Hence 
without loss of generality, assume that < (3 < and the matching number of Tj 
is /3i > 1 for % — 1, • • • , t and for t + 1 < i < p. Assume the neighbor set of u is 
{wi, • • • , w p }. Then by Theorem 4 in [2] and Corollary 5.7 in [21], we have 

W(T) = n(n - 1) + it,[W(Ti) + (n - m)drM) ~ <\ 

i=l 

t 

> n{n - 1) + + (A - 3)n, + (-3A + 4) + (n - n^m + - 2) - n 2 ] - (p - t) 

i=l 

t 

= (n - l) 2 + (n - 3)/? + (-2ra + 4)t + n(n - p + t - 1) - ^ n 2 

i=l 

> (ra - l) 2 + (n - 3)/? + (-2n + 4)t + n(n - p + t - 1) 
-A(t - 1) - [{n - p + t - 1) - 2(t - l)] 2 

= (n - l) 2 + (n - 3)/? - 2nt + 8t- 4t 2 - p 2 + (n - 2t + 2)p + (3t - 3)(n + * - 1) 

> (n-l) 2 + (n-3)/?-2nt + 8t-4t 2 

-(w - * - l) 2 + (n - 2t + 2)(ra - i - 1) + (3t - 3)(n + t - 1) 
= n 2 + (/? - 2)n + (-3/? + 1) = W^^^), 

where n — ni + -- - + n t +p — t + 1 > p + t + 1, and d^Wi) > rii + — 2, since 
u>j is at most adjacent to rii — vertices in Tj. Moreover, if equality holds, then 
rii = • • • = n t — 2, which implies t = f3 and p — n — f3 — 1. Therefore T must be 

^/3,n-2/8-l- ' 

Lemma 2.5 Let G = £7(Ti, • • • , T 9 ) 6e a unicyclic graph of order n. Suppose that any 
maximum matching of G does not contain u\x, x G V(Ti) and £/ie matching number 
ofTi — of order n\ — 1 is Let G*i = U(Tp i ^ ni _ 2/3i _ 1 ,T 2 , • • • , T fl ) fre £/ie unicyclic 
graph obtained from G by replacing Ti wrat/i 7^ iini _ 2/3i _ 1 . TVien £/ie matching numbers 
of G and Gi are equal and 

W(G) = W{U{T U • • • , T g )) > W{G X ) = W(U(T; uni _ Wl ^ T 2 , • • • , T g )) (8) 

with equality if and only ifT\ = Tp uni -. 2 pi-i- 

Proof. It is easy to see that the matching number of G is equal to the matching num- 
ber of G\ by the definition, since any maximum matching of G does not contain u±x, 
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x e V{Ti). On the other hand, by Lemma 2.4, we have W(Ti) > W (T^ %ni _ 2Pl _^ . 
Let Ti — u\ has p components Tn, • • • , Ti p with 

\V(T n )\ >■■■> \V(T U )\ > \V(T W )\ = ■■■= \V(T lp )\ = I. 

Since the matching number of Ti — U\ is we have t < (5\ < and ri\ > 

2/3i +p - t + 1 > p + + 1. Hence d Tl {ui) > p + 2(m - p - 1) = 2m - p - 2 > 

m +/3x - 1 = ^(ui). Therefore by Corollary 2.2, we have > W(Gi) 
with equality if and only if Ti = Tp _ 2 p 1 -i- ' 



Lemma 2.6 Tei G = U(Ti, • • - ,T g ) be a unicyclic graph of order n with girth g. 
Suppose that T p of order \ V(T p )\ > 3 and T q of order | V(T g )| > 3 have pendant edges 
u p x and u q y, respectively. Let T^ be the tree from T p and T q by identifying u p and 
u q and deleting the edge u q y, and let T^ be the edge u q y. Moreover, let T^ be the 
edge u p x, and let T^ be the tree from T p and T q by identifying u p and u q and deleting 
the edge u , p x. Further, let G { = U(T U ■ ■ ■ , T®, ■ ■ ■ , T®, ■ ■ ■ , T g ) for i = 1, 2. Then the 
matching numbers ofG, G\,G 2 are equal, and 

W(G) > mm{W(G 1 ),W(G 2 )}. (9) 



Proof. Clearly, by the definition, the matching numbers of G, G\ and Gi are equal. 
By Lemma 2.1, it is easy to see that 

9 

W(G)-W(G 1 ) = (n p -2)(n q -2)d G (u p ,u q ) + (n q -2) J2 ^MgK^O-^gK,^)]. 

(10) 

Similarly, we have 

9 

W{G)-W{G 2 ) = (np-2)(n q -2)d G (up,u q )-(n p -2) ^ ni[d G (u q ,Ui)-d G (up,Uij\. 

i=i,i¥=p,q 

(11) 

Hence by (10) and (11), the assertion holds. ■ 
Similarly, we have the following result. 

Lemma 2.7 Let G = U(Ti, ■ ■ ■ , T g ) be a unicyclic graph of order n with girth g. 
Suppose that T p of order \V(T p )\ > 3 has no pendant vertices adjacent to u p and T q 
of order \ V(T q )\ > 3 has an pendant adjacent vertex y adjacent to u q . Let T^ be the 
tree from T p and T q by identifying u p and u q with deleting the edge u q y, and let T^ 
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be the edge u q y. Moreover, let be isolated vertex u p , and let be the tree from 

T p and T q by identifying u p and u q . Further, let G L = U (Ti, • • • , • • • , ■ ■ ■ , T g ) 
fori = 1,2. Then 

W{G) > min{W(G 1 ),W(G 2 )}. (12) 

Proof. By Lemma 2.1 and some computation, it is easy to see that 

g 

W(G)-W(G 1 ) = (n p -2)(n q -2)d G (up,u q )+(n q -2) ^ nt(d G (u q , Ui)-d G (u p , m)). 

i=i,ijt p , q 

Similarly, we have 

9 

W(G)-W(G 2 ) = {n p -l)(n q -l)d G (u p ,u q )-(n p -l) ^ ni(d G (u q ,Ui)-d G {u p ,Ui)). 
Hence the assertion holds. ■ 

Corollary 2.8 Let G = U{T*^ bi , ■ ■ ■ , T* g b ) be a unicyclic graph of order n with girth 
g. If a p > 1, b p — ; and b q > 0, 2a q + b q > 2 for 1 < p ^ q < g, then there exists a 
unicyclic graph G' of order n and girth g such that the matching numbers of G and 
G' are equal and W(G) > W(G'). 

Proof. Clearly, \V(T p )\ > 3 and \V(T q )\ > 3. Let G l = U{T^ ■ ■ ■ , T^^, 
•••,2o,i> •••' T ^ 9 ), G 2 = [/(T; iibl ,T * ,---,T a ; +a ^,---,T a ; )69 ). By Lemma 2.7, 
we have W(G) > mm{W(Gi), W(G 2 )}. Moreover, let /3,f3i,f3 2 be the matching 
numbers of G, d and G 2 , respectively. Then p = 02<Pi<P + l- If ft = /3 + 1, let 
Gs = U(T: iM , • • • , T: p+aq _ hbq+1 , ■ ■ ■ , r* 1; • • • , T^ hg ). It is easy to see that W{G X ) > 
W(G 3 ) and the matching number of G 3 is j3. Hence the assertion holds. ■ 



Lemma 2.9 Let G = U(T 1: • • • , T g ) be a unicyclic graph of order n with girth g and 
|V(Tj)| = Hi for i = 1, • • • ,g. Let be the tree from T p and T q by identifying u v 
and u q , and let be the isolated vertex. Moreover let be the isolated vertex 
u p , and let be the tree from T p and T q by identifying u p and u q . Further, let 
G i = U(T 1 ,---,TM,---,T®,---,T g ) fori = 1,2. Then 

W(G) > nun{W(G 1 ),W(G 2 )}. (13) 
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Proof. Assume that p < q. By Lemma 2.1 and some computation, it is easy to see 
that 

a 

W(G)-W(G 1 ) = (n p -l)(n q -l)d G (u p ,u q ) + (n q -l) ni(d G (u q ,Ui)-d G (u p ,Ui)) 

i=i,ijt p , q 

and 

a 

W(G)-W{G 2 ) = (n p -l)(n q -l)d G (u p ,u q )-(n p -l) J2 n i( d G(uq,Ui)-d G (u p ,Ui)). 

i=i,i^ p , q 

Hence it is easy to see that the assertion holds. ■ 

Corollary 2.10 Let G = U(T* aiM , • • • , T^ , • • • , T^ , • • • , T^ bg ) be a unicyclic graph 
of order n with girth g. Ifa p ,a q > 1, letG x = U(T* iM , ■ ■ ■ , T* p+aqfi , ■ ■ ■ , T* , ■ ■ ■ , T* gbg ) 
and G 2 = U (T* iM , • • • , T * , • • • , T* p+aqfi , • • • , T* gfig ), then the matching numbers of G, 
Gi and G 2 are equal and W(G) > imn{W(G 1 ),W(G 2 )}. 

Proof. It follows from Lemma 2.9 that the assertion holds. ■ 
Now we can present the main result in this section. 

Theorem 2.11 Let G = C/(T 1; • • • , T g ) be a unicyclic graph of order n with girth 
g. Then there exist nonnegative integers a±, bi, • ■ ■ , b g with bj < 1 for j = 2, • • • , g 
such that such that G and G = U(T* i bi , T^ b2 , • • • , TQ bg ) have the same the matching 
number and 

W(G) = W(U(T U ■■■,T g ))> W(G) = W(U(T: iM ,T* m ,- • • ,T %,)) (14) 
with equality if and only if G = U (T* ± M , T* M , ■ ■ ■ , T* bg ) . 

Proof. We consider the following two cases. 

Case 1: |y(7])| > 3 and G has a maximum matching M containing an edge 
UiX, x G V(Tj). Then by Lemma 2.3, there exists a G\ = U(T 1 , • ■ • , T* d ., ■ • ■ , T g ) 
such that W(G) > W(Gi) with equality if and only if Tj = T*.^ d ., where q + 1 is the 
matching number of T« and 2cj + d{ + 1 = |V(Tj)|. Moreover, the matching numbers 
of G and G\ are equal. 

Case 2: |V(Tj)| > 3 and any maximum matching of G does not contain UiX, 
x G V(Ti). Let the matching number of Tj — Ui of order — 1 be Oj. Then by 
Lemma 2.5, there exists a G 2 = U(T U T* A , ■ ■ ■ , T g ) such that W(G) > W{G 2 ) 
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with equality if and only if G = G 2 , where 2q + di + 1 = rij. Moreover, the matching 
numbers of G and G2 are equal. 

Hence there exists a G 3 = U(T* l dl ,- ■ ■ ,T* gdg ) such that W(G) > W(G 3 ), and the 
matching numbers of G and G 3 are equal. By the repeated use of Lemma 2.6 and 
Corollaries 2.8 and 2.10, it is easy to see that the assertion holds. ■ 

3 Wiener index of unicyclic graphs with girth and 
the matching number 

In this section, we give a sharp lower bound for the Wiener index of unicyclic graphs 
of order n with girth g and the matching number j3 > ^ and characterize all extremal 
graphs which attain the lower bound. But we need some lemmas and notations 

Lemma 3.1 Let G± and G2 be two simple connected graphs. Let G be the graph 
obtained from G\ and G 2 by identifying a vertex x of Gi and a vertex y of G 2 . Then 

W(G) = WiGJ + W(G 2 ) + d Gl (x)(\V(G 2 )\ - 1) + daMUViGJl - 1). (15) 

Proof. By the definition, we have 

W(G) = Yl d G (u,v)+ Yl d G (u,v)+ ]T ]T d G (u,v) 

{«,u}CV(Gi) {u,v}CV(G 2 ) ueV(Gi)\{x} vdV(G 2 )\{y} 

= W(G 1 ) + W(G 2 )+ ]T £ (d Gl (u,x) + d G2 (y,v)) 

ueVidMx} veV(G 2 )\{y} 

= W{G l ) + W(G 2 ) + d Gl (x)(\V(G 2 )\ - 1) + d G2 (y)(\V(Gi)\ - !)■ 

Hence we finish the proof. ■ 

Assume that n > 2j3 > 3g > 9. If g is odd, let G* n ^ g ^ be the unicyclic graph of 
order n obtained by identifying a vertex of a cycle C g of odd order g and the rooted 
vertex with degree n — (3 — ^ of T* g+1 n _ 2/3+1 of order n — g + 1. If is even, let 
G* ng p) be a unicyclic graph of order n obtained by identifying vertex u\ of a cycle 
C g = u\u 2 ■ • • u g of even order g and the rooted vertex with degree n — f3 — | of 
Tp_g_ ln _ 2/3+1 of order n — g, and adding a pendent edge u 2 v at vertex u 2 . In other 
words, 

G*n,g,p) = U(T*_g±i^_ 2l3+1 ,TQ fi , ■ ■ ■ ,T * ) for g is odd, 

G (n,g,(3) = ^( T /3*-§-l,n-2/3+l> r O,l 5 --- 5 T 0,o) for 9 ™ even. 
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Then G* n g ^ is a unicyclic graph of order n with girth g and the matching number 
(3. Moreover 

Corollary 3.2 (1). If g is odd, then 

^(<W)) = n 2 +[p- + L^j) n+ (l - f) L^J +/ + (-2/? + 1) g-20 + 1. 

(16) 

(%). 7/(7 is even, then 

W(G* {n , 9 ,?)) = + (fi - f - 1 + L jj) n - | L^J + f - 3/3 + 2. (17) 
Proof. It follows from Lemma 3.1 and some calculation. K 



Lemma 3.3 Let G = U(T* x j^Tq^, • • • ,T * feg ) be a unicyclic graph of order n with 
odd girth g and the matching number (3, where bi < 1 for i = 2, • • • , g. If (3 > y, £/ien 

w(G) > w(G* M) ) = w(u(r;_^ tn _ w+v r* , T * )) 

wito eg«aZ% i/ and only if G = U (T*_g+i^_ 2/3+v T* , • • • , T* ) . 

Proof. Let t = J2j=2 fy- We consider the following two cases. 

Case 1: t = 0. If b x > 0, then oi + ^ = f3, so a x = /? - 3±L an d 6i = n - 2/3 + 1 
Hence G must be Z7(T* g+1 n _ 2/3+l , T^ , • • • , T * ) and the assertion holds. If b\ = 0, 
then ai = /? - ^ and n = /3 + Hence a x - 2 = (3 - ^±1 and n - 2/? + 1 = 2. Further 
we have 

W(G) = W(U(T: ifi ,T* fi , ■ • • ,T* )) > WiUiT^Tl,, • • • ,T* )). 

Hence the assertion holds. 

Case 2: £ > 1. Suppose that the only cycle C g = U\ • • • u g and Tq^ , • • • , ^ 
consist of an edge u^v^, • • • , u it v it , respectively, where 2 < i x < ■ ■ ■ < i t < g. Let 
Vi = {v a , ■ ■ ■ , v it ] and V 2 = V \ V x . Then bj = for j ^ 1, i ± , ■ ■ ■ , i t . Clearly, 
f3-g<a 1 <fi-2±±. Then s = - &± - a x > and 

r = t - 2s = (n - 2ai - h - g) - 2(/3 - - ai) = n - 2/3 - &i + 1 > 0. 
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Then ?7(T a * i _ 12 , T * , • • • , T * ) may be obtained from G by deleting u ij v ij for j = 
l,---,t and adding s paths of length 2, i.e., uiv^v^, uiv^^v^ and r edges 
uiv i2s+1 , ■ ■ ■ , -uitv Therefore, 

W(G) = E d c{u,v)+ E d c{u,v)+ E d G {u,v) 
{u,v}cv! ueVi,vev 2 {u,v}cv 2 

> 3t(t ~ ^ + t(g + L^j + 7oi + 3&i) + X! 

{M,t)}CV2 

On the other hand, 

W(Gi)= E dG!(u,u)+ E d Gl («,«)+ E ^(a^) 

{u,d}CVi u6Vi,t;eV2 {tt,v}cy 2 

a 2 

= [6s 2 + (5r-5)s] + [(3s + r)g + t[^\+(12s + 5r)a 1 + (5s + 2r)b 1 } + E 

{u,v}CV2 

Hence 

= (r + 2)s + 3r(r 2 ~ ^ + (s + r)6i + (2s + 2r)oi - <?s 
> 0, 

since ai > /3 — g > |<7 — g — |. ■ 

Theorem 3.4 Let G be a unicyclic graph of order n with odd girth g and the matching 
number (3. If (3 > y, then 

W(G) >n 2 +[p- ^±1 + L jJ ) ^ + (l - f ) L jJ + S 2 + ("2/? + 1) 9 ~ W + 1 
equality if and only if G is G1 n g p\ . 

Proof. It follow from Theorem 2.11, Lemmas 3.3 and Corollary 3.2 that the assertion 
holds. ■ 

Lemma 3.5 Let G = U{T* Y j^Tq^, • • • ,T * fe9 ) be a unicyclic graph of order n with 
even girth g and the matching number /3>y. If a,i < /3 — | — 1 and bj < 1 for 

j = 2,~-,9, then 

w(G) > w(G* M) ) = w(u(T;^ hn _ w+1 , r * 15 • • • , r * )). 

with equality if and only if G = G* n g ^ . 
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Proof. Since a\ < (3 — § — 1, we have t = X^ =2 &j > 1. Suppose that the only cycle 
C g = «i • • • u g and T * 6 . is an edge u^v^, j = 1, • • • , t, where 1 < %\ < • • • < i t < g. 
Let Vi = {v a , • • • , v it } and V 2 = V \ V x . Then s = (3 - § - 1 - oi > and 

r = t - 2s - 1 = {n - 2ai - h - g) - 2(/3 - ^ - 1 - a x ) - 1 = n - 2/3 - &i + 1 > 0. 

Hence G!^ may be obtained from G by deleting {t^, • • • ,v it } and adding s paths 
uiVi 2l l Vi 2l for I = 1, • • • , s and adding edges uii^ for / = 2s + 1, • • • , t — 1 and uiV{ t . 
Further, 

W{G) = £ d G (u,v)+ £ d G (u,v)+ ]T d a{u,v) 
{u,v}cvi ueVi,vev 2 {u,v}cv 2 

V 4 / {u,v}CV 2 

= 6s 2 + (6r + 3)a + 3r(r o + ^ + 1 (g + L^J + 7oi + 3^ + £ da(u,v). 



{u,v}CV 2 



On the other hand, 



E 9 («, u) = 6s 2 + (5r + 2)s + r(r + 1) 

{u,v}CVi 

and 

o 2 

V d G * (u,v) = (3s + r+l)g + t[^-\+(12s + 5r + 7)a 1 + (5s + 2r + 3)b 1 . 
Hence 

W{G) - W{G* M) ) = (r + l) a + ^±11 + (s + r)h + 2(s + r) fll - ^ > 

with equality if and only if r = s = 0, since a± > [3 — g > |. Hence the assertion 
holds. ■ 



Lemma 3.6 Let G = U(T* i bi ,T^ b2 , ■ ■ ■ ,T^ b ) be a unicyclic graph of order n with 
even girth g and the matching number (3 > y. If a± — (3 — | and bj < 1 for 

W(G)>W(U(T: iM+t ,T*,o,---X,o)) 
with equality if and only if G is U (T* bl+t , T * , • • • , Tq ), where t = J2f=2 h- 
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Proof. If t = J2i=2^i = 0> then the assertion holds. Suppose that t > 1. Then the 
matching number of U(T^ lM+t , T* , ■ ■ ■ , T * ) is f3. Moreover, G 1 = U{T* aiM+t , T * , 
• • • , T * ) may be obtained from G by deleting vertices v^, • • • , Vi t and adding edges 
uiVi i: • • • , u\v it . Then it is easy to see that W(G) > W(G\). Therefore the proof is 
finished. ■ 

Theorem 3.7 Let G be a unicyclic graph of order n with even girth g and the match- 
ing number (3. If (3 > y, then 

W{G) > W{G* M) ) = n 2 + (/? - | - 1 + L^j) n - |L^j + | - 3/3 + 2 
TO£/i equality if and only if G is G*^ n g ^ . 

Proof. By Theorem 2.11, there exists a unicyclic graph G\ of order n with even 
girth g and the matching number /3 such that G\ = £/(T* l6l , T * &2 , • • • , T^ bg ) of order 
n with girth g and the matching number /3 such that W(G) > W(G 1 ) : where 6, < 1 
for i = 2, • • • ,g. If ai </?-§- 1, then by Lemma 3.5, W{G 1 ) > W{U* {n g P) ) with 
equality if and only if G\ is UL g ^. If ai = (3 — |, then by Lemma 3.6, we have 
> W(C/(T*_ f ;n _ 2 ^, T* , • • • , T * ). Further, it is easy to see that 

w(u(T;_ hn _ 2P ,T^---X,o) > w(u(T;_,_ ljn _ 2 p +1 ,T*,i,---X,o))- 

Therefore by Corollary 3.2, the assertion holds. ■ 

Combining Theorems 3.4 and 3.7, we obtain the main result in this paper 

Theorem 3.8 Let G be a unicyclic graph of order n with girth g and the matching 
number (3. If (3 > ^, then 

W{G) > W(G* M) ) 
with equality if and only if G is G* ng ^ . 
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